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Abstract
Polygonal billiards constitute a special class of models. Though they have zero Lyapunov expo-
nent their classical and quantum properties are involved due to scattering on singular vertices with
angles 6= pi/n with integer n. It is demonstrated that in the semiclassical limit multiple singular
scattering on such vertices when optical boundaries of many scatters overlap leads to vanishing
of quantum wave functions along straight lines built by these scatters. This phenomenon has an
especially important consequence for polygonal billiards where periodic orbits (when they exist)
form pencils of parallel rays restricted from the both sides by singular vertices. Due to singular
scattering on boundary vertices, waves propagated inside periodic orbit pencils in the semiclassical
limit tend to zero along pencil boundaries thus forming weakly interacting quasi-modes. Contrary
to scars in chaotic systems the discussed quasi-modes in polygonal billiards become almost exact
for high-excited states and for brevity they are designated as superscars. Many pictures of eigen-
functions for a triangular billiard and a barrier billiard which have clear superscar structures are
presented in the paper. Special attention is given to the development of quantitative methods of
detecting and analysing such superscars. In particular, it is demonstrated that the overlap between
superscar waves associated with a fixed periodic orbit and eigenfunctions of a barrier billiard is
distributed according to the Breit-Wigner distribution typical for weakly interacting quasi-modes
(or doorway states). For special sub-class of rational polygonal billiards called Veech polygons
where all periodic orbits can be calculated analytically it is argued and checked numerically that
their eigenfunctions are fractal in the Fourier space.
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In memory of Charles Schmit
I. INTRODUCTION
The largest part of this work has been prepared during 2003-2004 but an implacable
malady of Charles Schmit had permitted to publish uniquely its short account [1]. It is only
now that I collect different fragments of performed investigations and organise them in a
readable form.
The paper examines the structure of eigenfunctions for a special class of quantum models,
namely two-dimensional polygonal billiards whose boundaries are straight lines. Classical
mechanics of these problems corresponding to rays propagation with specular reflection from
boundaries is intricate, surprisingly rich, and notorious difficult (see e.g. [2] and references
therein).
The most investigated is the case of rational or pseudo-integrable billiards where all
(internal) billiard angles θj are rational fractions of pi
θj = pi
mj
nj
(1)
with co-prime integers mj and nj. A characteristic property of such billiards is that their
classical trajectories belong to 2-dimensional surfaces of finite genus g related with angles
(1) as follows (see e.g. [3])
g = 1 +
N
2
∑
j
mj − 1
nj
(2)
where N is the least common multiple of all nj.
Two particular examples of such models discussed in the paper are depicted in Fig. 1. The
first model is a right triangular billiard with angles
[
pi
8
, 3pi
8
, pi
2
]
. The second is a rectangular
billiard of sides 2a and b with a barrier of height b/2 in the middle. This model has 6 corners
with angles pi/2 and one conner with angle 2pi.
In a billiard where all angle numerators mj = 1 trajectories belong to tori with g = 1 and
the model is classically integrable. The list of 2-dimensional integrable polygonal billiards
is limited. It includes rectangular (square) billiards and 3 triangular billiards with angles[
pi
4
, pi
4
, pi
2
]
,
[
pi
3
, pi
3
, pi
3
]
, and
[
pi
6
, pi
3
, pi
2
]
.
If at least one numerator is bigger than 1, trajectories lie on surface of genus g ≥ 2 and
such models are genuine pseudo-integrable models. The both billiards at Fig. 1 a) have
2
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FIG. 1. (a) Right triangular billiard with one angle pi/8. (b) Barrier billiard. (c) Desymmetrised
barrier billiard. Eigenfunctions obey the Dirichlet boundary conditions at thick boundaries and
the Neumann condition at thin part of the boundary.
b)
a)
c)
FIG. 2. (a) Unfolding of the pi/8 right triangle (shaded) into the regular octagon. Dashed line is
one periodic orbit for the motion inside the octagon. All trajectories parallel to this line and lying
inside the rectangle bounded by dot-dashed lines form periodic orbit family. (b) The same periodic
orbit folded back to the original triangle. (c) Periodic orbit pencil formed by trajectories parallel
to the dashed one.
genus g = 2. The values of genus can be obtained by explicit unfolding of the initial billiard
table. For example, at Fig. 2 the unfolding of the right triangular billiard with angle pi/8 is
performed. By reflections one gets a surface with shape of regular octagon whose opposite
parallel sides are identified. Topologically the resulting surface is a sphere with 2 handles
which is the canonical image of genus 2 surfaces.
The quantisation of billiards consists in finding eigenvalues and eigenfunctions of the wave
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equation
(∆ + Eα)Ψα(x) = 0 (3)
provided eigenfunctions obey certain boundary conditions along the billiard boundaries. In
the paper the Dirichlet boundary conditions are chosen
Ψα(x)|boundaries = 0. (4)
For all integrable polygonal billiards cited above the solution of the quantum problem is well
known (see e.g. [3]). Their eigenvalues and eigenfunctions depend on two integers. Eigen-
values are quadratic functions of these integers and eigenfunctions are finite combination of
trigonometric functions. Even the inverse theorem is valid: the list of billiards whose all
eigenfunctions are finite combinations of trigonometric functions is exhausted by the above
integrable billiards [4].
The structure of eigenvalues and eigenfunctions of polygonal billiards are much more
complicated and only partial results are available.
In quantum chaos there are two big conjectures concerning spectral statistics of generic
integrable and fully chaotic systems. For integrable models spectral statistics (after unfold-
ing) coincides with the Poisson statistics of independent random variables [5] and for chaotic
systems it corresponds to eigenvalue statistics of random matrix ensembles depended only
on symmetries [6]. The difference between these two types of universal statistics is clearly
seen in the behaviour of the nearest-neighbour distribution, p(s), which gives the probability
that two nearest levels are separated by distance s (see e.g. [7], [8]). For integrable systems
p(s) = exp(−s) which implies the absence of level repulsion (p(0) 6= 0) and exponential
decrease of correlations at large distances. For chaotic systems p(s) is well approximated by
the Wigner ansatz p(s) = asβ exp(−bs2) where β = 1, 2, 4 with a, b being constants deter-
mined from normalisation conditions. Contrary to integrable models fully chaotic systems
are characterised by the level repulsion (p(0) = 0) and quadratic falloff of p(s) at large
distances (p(s) −→
s→∞
exp(−s2)).
Numerical calculations of pseudo-integrable billiards [3], [9]–[18] demonstrate that their
spectral properties are in-between these two universal distributions. Namely their nearest-
neighbour distribution reveals a linear level repulsion p(s) −→
s→0
s as for random matrix
ensemble with β = 1 but at large distances p(s) decreases exponentially as for the Poisson
statistics.
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FIG. 3. Reflection of two parallel rays (solid and dashed lines) from a vertex with (left) θ = pi5 and
(right) θ = 2pi5 .
Ψ=0
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FIG. 4. (a) Scattering on a half-plane. (b) Optical boundaries (dashed) for the scattering on a
half-plane. (c) Scattering on a wedge with angle α.
The purpose of this paper is to investigate properties of eigenfunctions for plane polygonal
billiards. The main difficulty in treating such problems is the fact that in polygonal billiards
vertices with angles 6= pi/n with integer n are singular points for classical motion. If a
parallel pencil of rays hits such point it splits discontinuously into two different pencils (cf.
Fig. 3).
Quantum mechanics has to smooth these singularities and leads to the notion of singular
diffraction. The exact solution for the scattering on wedge has been obtained long time ago
by Sommerfeld [19] (cf. also [20]). The simplest case of such diffraction corresponds to the
the scattering on a half-plane with e.g. the Dirichlet boundary conditions, see Fig. 4 a).
The exact solution for this problem has been found by Sommerfeld in 1896 [19] and it reads
Ψ(~r ) = e−ikr cos(θf−θi)F
(
−
√
2kr cos
θf − θi
2
)
− e−ikr cos(θf+θi)F
(
−
√
2kr cos
θf + θi
2
)
(5)
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where F (u) is the Fresnel integral
F (u) =
e−ipi/4√
pi
∫ ∞
u
eit
2
dt. (6)
From the expansion of Ψ(~r ) at large distances one finds that the total wave splits into two
contributions, the incident plane wave and the out-going cylindrical wave
Ψ(~r ) = ei
~k~r +
D(θf , θi)√
8pikr
ei(kr−3pi/4) (7)
where D(θf , θi) is the diffraction coefficient
D(θf , θi) =
1
cos
θf−θi
2
− 1
cos
θf+θi
2
. (8)
Sommerfeld [19] also found the exact solution for the scattering on arbitrary wedge with the
Dirichlet boundary conditions as at Fig. 4 c). In this case the diffraction coefficient has the
following form
D(θf , θi) =
2
γ
sin
pi
γ
[
1
cos pi
γ
− cos θf+θi
γ
− 1
cos pi
γ
− cos θf−θi
γ
]
(9)
where γ = α/pi and α is the wedge angle.
The main feature of such diffraction coefficients is the existence of certain lines where
diffraction coefficients formally blow-up. These lines are called optical boundaries and they
correspond to zeros of the denominators in the above formulas. For the scattering on a
half-plan they appear when
θf = pi ± θi. (10)
Physically these lines separate regions with different numbers of geometrical rays and are
manifestation of discontinuous character of classical (rays) motion (see Fig. 4 b)). As in
quantum mechanics wave fields are continuous, the separation of the exact field into a sum
of free motion (plane wave) plus small reflected field is not possible in a vicinity of such op-
tical boundaries which forces the diffraction coefficient to diverge. Consequently, diffractive
coefficient description cannot be applied in parabolic regions near optical boundaries where
the dimensionless arguments of the F -functions are of the order of 1, u =
√
kr sin δϕ
2
∼ 1,
and δϕ is the angle of deviation from optical boundaries (cf. Fig. 4 b)).
Difficult problems appear when inside these intermediate regions there are other points
of singular diffractions which is inevitable for plane polygonal billiards. For finite number
6
of singular diffraction vertices it is possible to develop uniform approximations which give
good description of multiple singular diffraction in the semiclassical limit k → ∞ (see e.g.
[21] and references therein). For infinite number of singular diffractions the situation is less
clear. To understand the behaviour of waves scattered on many singular scatters where op-
tical boundaries strongly overlap three interrelated approaches are discussed in Section II.
All these methods demonstrate that multiple singular diffraction in the semiclassical limit
of high energy scattering leads to a non-perturbative effect of (almost) vanishing of eigen-
functions along straight lines passing through singular scatters (vertices with angles 6= pi/n).
Consequently, a wave scattered with a small incident angle from many singular scatters
arranged along a line will be reflected from them as from a mirror with the Dirichlet bound-
ary condition though the mirror itself does not exist. The importance of this phenomenon
for polygonal billiards is related with the fact that periodic orbits in such billiards (when
they exist) form families of parallel trajectories (cf. Fig. 6 c)). When unfolded each family
constitutes an infinite pencil (or channel) restricted from the both sides by singular scatters.
Such configuration is exactly the one which permits the propagation of plane wave with
(approximately) Dirichlet boundary conditions along two fictitious mirrors built by singular
scatters. The validity of such approximation becomes better in the semiclassical limit of
high energy. Therefore we propose to call these waves ’superscars’ to distinguish them from
the scar phenomena in chaotic systems [24]–[27] where individual scar amplitudes decrease
in the semiclassical limit.
Numerous examples of numerically computed high-excited eigenfunctions with clear su-
perscar structures for the triangular and the barrier billiards depicted at Fig. 1 are presented
in Section III. Additional confirmation of applicability of superscar picture is the very good
agreement of true eigenenergies of such states with superscar energies computed analytically
from the knowledge of periodic orbit parameters.
To get quantitative information about the formation of superscar waves the overlaps
between consecutive barrier billiard eigenfunctions and specific folded superscar waves are
investigated in Section IV. It is observed that in a small vicinity of all superscar energies
there exist true eigenstates having large overlaps with the corresponding superscar waves.
In a finite energy window the values of the overlap fluctuate according to the Breit-Wigner
distribution whose parameters agree with the ones calculated analytically in Section II. An-
other useful approach discussed in the same Section is the Fourier-type expansion method.
7
It consists in the expansion of true eigenfunctions in a series of convenient basis functions.
The existence of superscars manifests as anomalously large values of certain expansion co-
efficients.
If a periodic orbit family exits in a given polygonal billiard it may and will support su-
perscar waves. But for generic polygonal billiards very little is known about periodic orbits.
Only for a special sub-class of pseudo-integrable billiards called Veech polygons [28] one
can find all periodic orbits analytically. Billiards considered in the paper belong to this
class. For Veech polygons it is possible to calculate analytically the level compressibility
[15], [18] which is practically the only one spectral characteristic accessible to analytical cal-
culations. It is believed (and confirmed numerically for many different models, see e.g. [29])
that systems with non-trivial compressibility should have eigenfunctions with non-trivial
fractal dimensions. For pseudo-integrable billiards the above mentioned strong fluctuations
of Fourier coefficients mean that eigenfunctions in the momentum space may have fractal
dimensions. In Section V it is numerically demonstrated that indeed eigenfunctions of the
barrier billiard do have non-trivial fractal dimensions. Section VI contains a brief summary
of obtained results. Appendix A is devoted to investigations of periodic orbit pencils in the
barrier billiards and the folding of corresponding superscar waves.
II. SINGULAR MULTIPLE DIFFRACTION
The purpose of this Section is to present different approaches to multiple singular scat-
tering on a periodic array of singular vertices (wedges with angles 6= pi/n with integer n)
arranged along a straight line as indicated at Fig. 5. The simplest method consists in the
construction of the Kirchhoff-type approximation to this problem. It has been done in
Ref. [21] and briefly reviewed in Section II A. It is known that the condition of applicability
of the Kirchhoff approximation is not easy to be rigorously established. To get more precise
information of this process, the exact solution for the scattering on staggered periodic set of
half-planes as indicated at Fig. 6 a) derived by Carlson and Heins in 1947 [22] and analysed in
the semiclassical limit in [23] is discussed in Section II B. Section II C is devoted to numerical
investigation of wave propagation inside periodic array of slits depicted at Fig. 6 b).
The main result established in that Sections is the fact that small-angle high-energy
multiple scattering on singular wedges is equivalent to much simpler specular (i.e. mirror)
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reflection from a straight line passing through the apex of the wedges though the line itself
does not constitute a physical boundary. In Section II D it is demonstrated that this result
applied to polygonal billiards proofs the existence of special weekly interacting quasi-modes
corresponding to plane waves propagating inside periodic orbit channels (when they exist).
These quasi-modes called in the paper superscars are a specific feature of polygonal billiards.
They do not exit neither in integrable nor in chaotic systems and are a non-perturbative
consequence of multiple singular diffraction inherent for polygonal billiards.
A. The Kirchhoff approximation
A direct approach to multiple singular scattering consists in the construction of uniform
approximation based on the Kirchhoff approach (see e.g. [19]) which corresponds to the
summation over all trajectories indicated at Fig. 5. In this approximation the role of wedges
is reduced to the restriction of integration domains to half-lines (0,∞) (cf. Fig. 5). This
problem has been investigated in Ref. [21] where it has been proved that the contribution
to the trace formula from such trajectories (i.e. (n + 1)-fold integral over all xj at Fig. 5)
can be calculated analytically even for a finite number (n) of wedges and the result is
ρ(diff)(E) = − d
16pik
Ane
ik dn + c.c., An =
1
pi
n−1∑
q=1
1√
q(n− q) . (11)
For large number of scatters the sum over q can be substituted by the integral and [23]
An −→
n→∞
1 +
2ζ(1/2)
pi
√
n
(12)
where ζ(s) is the Riemann zeta function (ζ(1/2) = −1.460354).
It has been demonstrated in [23] that this result for multiple scattering on periodic set of
wedges is equivalent to the specular reflection of the incident wave from a straight (fictitious)
mirror which passes through the apex of all wedges. For small incident angle ϕ the effective
reflection coefficient for high-energy scattering determined from Eq. (12) is the following
R0 = −1−
√
kd
pi
(1− i)ζ(1/2)ϕ, k =
√
E . (13)
9
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FIG. 5. Multiple diffraction near optical boundary of n equally spaced wedges separated by distance
d.
B. Scattering on staggered periodic set of half-planes
Though the Kirchhoff approximation discusses in the preceding Section does indicate
that multiple singular diffraction leads to effective scattering from (fictitious) mirror formed
by singular scatters it is difficult, in general, to prove rigorously the applicability of this
approximation. In this Section an exact solution of a similar problem of scattering of a
plane wave with incident angle ϕ
Ψ(inc)(z, x) = eik(z cosϕ−x sinϕ) (14)
on a periodic set of half-planes separated by perpendicular distance a is discussed. The apex
of all half-planes belong to a straight line and planes are inclined with respect to this line
by angle α (cf. Fig. 6 a)).
The field at large distances is the sum of the reflected (into the upper half-plane) and
transmitted (into the lower half-plane) fields. The total reflected field is the sum of finite
number of reflected plane waves
Ψ(ref)(z, x) =
∑
n
Rne
ik (z cosϕn+x sinϕn) (15)
10
z
ϕ ϕn
α
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FIG. 6. (a) Scattering on periodic set of half-planes inclined at angle α with respect to a dashed
straight line and separated by perpendicular distance a. (b) Multiple diffraction of a periodic
sequence of slits. (c) Wave propagating inside a periodic orbit channel.
where Rn are reflection coefficients and ϕn are reflected angles determined due to the peri-
odicity from the grating equation
kd(cosϕ− cosϕn) = 2pin, n = integer, −Q sin2 ϕ
2
≤ n ≤ Q cos2 ϕ
2
. (16)
Here d is the distance between the apex of half-planes, d = a/ cosα, and Q = kd/pi is
dimensionless momentum.
The total transmitted field is the same as inside straight tubes built by half-planes with
the Dirichlet boundary conditions
Ψ(trans)m (z, x) =
mmax∑
m=1
Tme
−iωm (x sinα+z cosα) sin
(pim
a
(x cosα− z sinα)
)
, mmax =
[
ka
pi
]
(17)
where frequencies of transmitted waves ωm =
√
k2 − (pim
a
)2
and Tm are transmission coeffi-
cients.
It has been shown in [22] that the above problem is soluble by the Wiener-Hopf method
but the calculations in that article were performed only for low values of momenta. In [23]
this problem has been reconsidered in the semiclassical limit Q → ∞ and it was demon-
strated that in that limit infinite products inherent in the Wiener-Hopf method and, con-
sequently, reflection and transmission coefficients can be obtained analytically. The most
difficult (and the most interesting for us) is the case of small-angle scattering when incident
angle φ→ 0 as within the optical boundary of one scatter there exist many other scatters.
The main conclusions of Ref. [23] for this problem in the limit
√
Qϕ  1 and Q → ∞
are as follows:
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• The reflection coefficient with n = 0 in Eq. (16) corresponding to the specular (mirror-
like) reflection, ϕ0 = ϕ, is special
R0 = −1−
√
Q (1− i)ζ(1/2)ϕ. (18)
Notice that this expression coincides with Eq. (13) obtained in the Kirchhoff approx-
imation.
• Reflection coefficients when n > 0 in Eq. (16) is kept fixed and Q→∞ corresponding
to small reflection angle, ϕn ≈ 2
√
n/Q (independent on incident angle ϕ provided
√
Qϕ 1) are small and proportional to √Qϕ
R(small)n =
√
Qϕrn, |rn|2 = e
2
√
nζ(1/2)−2
n
∞∏
m6=n
m>0
1 +
√
n/m
1−√n/me−2
√
n/m . (19)
• When pi/2 < α < pi transmission is negligible and large-angle reflection coefficients
dominate when n is close to n∗ = Q sin2 α and ϕn is near to 2pi−2α (as for the specular
reflection from the full inclined plane). For small ϕ these coefficients are proportional
to ϕ
R(large)n =
ϕ
sin 2α
r(un(α)), |r(u)|2 = e2ζ(1/2)u
∞∏
m=1
(
1 +
u√
m
)2(
1 +
u2
m
)
e−2u/
√
m
(20)
where
un(α) =
n− n∗√
Q sin 2α
. (21)
• When 0 < α < pi/2 large-angle reflection coefficients are negligible and transmission
coefficients are
Tn = ϕ t(un(pi − α)), |t(un(pi − α))|2 = 2|r(un(pi − α)|2 (22)
with the same functions r(u) and un(α) as in (20) and (21).
The main conclusion from the above expressions is that for the sliding-type multiple scat-
tering when the incident angle is small,
√
Qφ 1, and Q→∞ the dominant contribution
to the reflected field comes only from one term with n = 0 (R0 ≈ −1 and ϕn = φ). This
term corresponds to the specular reflection from fictitious mirror built from a straight line
passing through singular scatters (indicated by dashed lines at Figs. 6)
Ψ(z, x) ≈ eikz cosφ [e−ikx sinφ − eikx sinφ]+ δΨ(z, x) (23)
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where δΨ(z, x) is small when ϕ
√
Q 1. For pi/2 < α < pi
δΨ(z, x) = ϕ
√
Q
[∑
n=0
rne
ikz cosϕn+ikx sinϕn
]
+
ϕ
sin 2α
[∑
un
r(un)e
ikz cosϕn+ikx sinϕn
]
. (24)
The formation of quasi-mirror boundary where in the semiclassical limit the total field tends
to zero is a non-perturbative effect of small-angle multiple scattering on singular scatters
(i.e. vertices with angle 6= pi/n).
The existence of the exact solution permits also to find a small leakage of the specular
reflected wave after one scattering into other channels. The modulus of the amplitude of
that wave deviates from unity by a small amount (when
√
Qϕ 1) as follows
|R0|2 = 1− C
√
kdϕ, C = −2ζ(1/2)√
pi
≈ 1.65. (25)
C. Scattering on periodic array of slits
To investigate this phenomenon further it is instructive to investigate the propagation
of waves inside periodic array of slits with Dirichlet boundary conditions as indicated at
Fig. 6 b). The problem corresponds to find the solution of the Helmholtz equation (∆ +
k2)Φ(z, x) = 0 which vanishes at indicated slits and is generated by the plane wave along
z-axis.
In the Kirchhoff approximation (see e.g. [19]) the wave Φ(d, x) at distance d from the
origin is related with the wave Φ(0, x′) by the relation valid provided the width w is much
smaller than the distance between slits d
Φ(d, x) = eikd−ipi/4
√
k
2pid
∫ w/2
−w/2
eik(x−x
′)2/2d Φ(0, x′)dx′. (26)
Periodicity of the slits requires that Φ(d, x) = λΦ(0, x) where λ determines the propagation
and attenuation due to scattering on slits. Therefore the considered problem is reduced to
the following equation
eikd−ipi/4
√
k
2pid
∫ w/2
−w/2
eik(x−y)
2/2dΨ(y)dy = λΨ(x). (27)
Here Ψ(x) ≡ Φ(0, x) is the value of the wave inside a slit.
No analytical solution of this (simplified) equation is known. Nevertheless, as it has
been discussed above, in semiclassical limit k → ∞ its solution should be close to waves
13
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FIG. 7. Ten largest eigenvalues of (29) as functions of κ. (a) Even solutions. (b) Odd solutions.
Dotted lines indicate approximate asymptotic expression (32).
propagating inside a rectangular slab restricted by straight lines passing through corners of
the slits (denoted by dashed lines at Fig. 6 b))
Ψ(approx)n (z, x) ∼ sin
(
pn(x+ w/2)
)
ei
√
k2−p2n z, pn =
pi
w
n, n = 1, 2, . . . (28)
To check this statement numerical calculation of Eq. (27) was performed. To simplify nu-
merics all space variables were rescaled in units of w/2 and the Wick rotation has been
performed. It leads to a simpler equation√
κ
pi
∫ 1
−1
e−κ(x−y)
2
Ψn(y)dy = ΛnΨn(x) (29)
where dimensionless variable κ = −ikw2/8d and
Λn = λ e
i
(√
k2−p2n−k
)
d
. (30)
Eq. (29) is the Fredholm integral equation of the first kind with symmetric kernel and it
has a discrete set of eigenvalues Λn (Λ1 ≥ Λ2,≥ . . .) and eigenfunctions Ψn(x) which were
determined numerically. Due to the symmetry solutions are either even or odd with respect
to coordinate inversion: Ψn(−x) = (−1)n+1Ψn(x). At Fig. 7 ten largest eigenvalues of this
equation are represented for different values of parameter κ. At Fig. 8 a few corresponding
eigenfunctions are plotted for κ = 200.
The main conclusion of these (and others) calculations is that in the semiclassical limit
k → ∞ eigenfunctions of (29) are indeed well described by simple waves as in Eq. (28).
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FIG. 8. (a) Eigenfunctions corresponding to a few largest eigenvalues of (29) for k = 200. (b) The
value of eigenfunctions at the boundary of effective tube for 10 largest eigenvalues as at Fig. 7 for
different values of k. From bottom to top n = 1, 2, . . . , 10. Dashed lines indicate an approximate
asymptotic formula (31).
An important characteristics of such waves is the requirement that they vanish as κ → ∞
at boundaries of effective slab which implies the quantisation of transverse momentum. At
Fig. 8 b) the values of true eigenfunctions at the boundary, Ψn(1), are plotted. It is clearly
seen that with fixed pn and increasing of κ this value indeed tends to zero. It was observed
that these values are well described by the following asymptotic formula
Ψn(1) −→
κ→∞
|p˜n|
(
1
2
√
κ
− 1
8κ
)
(31)
where dimensionless transverse momentum p˜n = pin/2.
Similar asymptotic formula are also established for eigenvalues Λn of Eq. 29
Λn −→
κ→∞
1− p˜
2
n
4κ
+ .206
p˜2n
κ3/2
(32)
At Fig. 7 the comparison of this formula with numerical calculations is performed and good
agreement have been found for large κ and fixed momenta p˜n.
The first term of the series (32) corresponds to large k expansion of Eq. (30). The second
term can be interpreted as a complex shift of wave energy when propagating inside the slits.
Expanding longitudinal momenta
√
k2 + δE − p2n in the exponent of Eq. (30) and comparing
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coefficients with (32) one gets (in the original units)
δE = C(1 + i)p2n
√
d
kw2
, pn =
pi
w
n (33)
where constant C ≈ 1.65 is numerically the same as in Eq. (25), C = −2ζ(1/2)/√pi. The
equality of these two constants can be explained as follows. The appearance of the imaginary
part of wave energy physically means that propagating wave escapes into other channels.
The modulus squared of this wave after passing the distance L decreases by Im δE L/k.
According to Eq. (25) after each collision with slits this quantity decreases by C
√
kdϕ. When
a wave propagates with incident angle ϕ along distance L it has approximately L/(w/ϕ)
collisions. Therefore the total leakage is
L
k
Im δE = C
√
kdϕ2
L
w
. (34)
As ϕ ≈ pn/k one reproduces the imaginary part of Eq. (33).
D. Application to polygonal billiards
The multiple scattering on singular wedges with α 6= pi/n is in general a complicated
problem, especially when optical boundaries of different scatters overlap. The above discus-
sion proofs that in semiclassical limit when singular scatters are arranged along a straight
line and the incident wave is inclined with a small angle with respect to this line the re-
flected wave dominates by a specular reflection from that line though the line itself does
not constitute a physical boundary. The Kirchhoff approximation discussed in Section II A
clearly demonstrates that this result is independent of wedge shapes.
Such non-perturbative effect is especially important for polygonal billiards where classical
periodic orbits appear in families which after unfolding form infinite periodic pencils (or
channels) limited from the both sides by singular vertices (cf. Fig. 2). Consider one pencil
corresponding to a primitive periodic orbit with period Lp and let w be its width (see
Fig. 6 c)). Of course, the horizontal pencil boundaries do not exist but they are constituted
by singular scatters. Due to multiple singular diffraction a wave propagating inside such
pencil approximately vanishes at effective horizontal boundaries and therefore will take the
form of a plane wave as in Eq. (28)
Ψ(z, x) = sin (p(x+ w/2)) eiqz, p =
pi
w
n, n = 1, 2, . . . (35)
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where due to periodicity, Ψ(z+Lp, x) = ±Ψ(z, x), longitudinal momenta q is also quantised
q =
pi
Lp
m, m = integer. (36)
The energy of such wave is
Em,n = pi
2m2
L2p
+
pi2 n2
w2
. (37)
It is plain that such wave is only an approximation to (a much more complicated) exact
solution. The validity of this approximation is governed by parameter ϕ
√
kLp/pi  1 where
ϕ is the angle between the wave direction and the horizontal boundaries. For the plane wave
(35) ϕ ≈ p/k. Therefore the wave (35) will be good approximation provided the following
condition is fulfilled
p
√
Lp
kpi
≤ λ0 ∼ 1. (38)
As p = pin/w the values of integer n are restricted
1 ≤ n ≤ λ0w
√
k
piLp
. (39)
The requirement that n ≥ 1 leads to the conclusion that at fixed energy not all periodic
orbit pencils can support propagating waves. As wLp = γA where A is the billiard area
and γ = O(1), the length of propagating channel is restricted as follows
Lp ≤ Lmax = δk1/3, δ = (Aλ0γ/
√
pi)2/3. (40)
Long-period channels with Lp > Lmax are closed and cannot support propagating waves.
An important property of discussed propagating waves is that they become more visible
(i.e. more isolated from other states) when the parameter (38) is decreasing. But for a given
periodic orbit when transverse momentum p is kept fixed but energy increases this parameter
goes to zero. Consequently in the semiclassical limit any periodic orbit pencil may and will
support such propagating quasi-modes. That phenomenon resembles the formation of scars
around of periodic orbits in chaotic systems [24]–[26] but contrary to the usual scars the
discussed quasi-modes become practically exact in the semiclassical limit. It explains the
name superscars proposed for these quasi-modes. In the next Section many examples of
such superscars are presented for the billiards depicted at Fig 1.
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III. EXAMPLES OF SUPERSCARS IN TRIANGULAR AND BARRIER BIL-
LIARDS
Consider the billiard in the shape of the right triangle with one angle equals pi/8 as at
Fig 1 a). One of the simplest periodic orbit family of this billiard corresponds to trajectories
perpendicular to the both catheti as indicated at Fig. 2 b). When unfolded this family fills
the rectangular pencil shown at Fig. 2 c). The length of this rectangle (i.e. the periodic
orbit length) equals twice the length of the largest cathetus and its width is the length of the
smallest cathetus. According to the above discussed multiple scattering on singular points
the superscar wave should propagate inside this rectangle with the Dirichlet boundary condi-
tions on horizontal boundaries. As vertical boundaries are a part of the triangle boundaries
the wave have to vanish on these boundaries as well. Taking into account symmetry of the
problem one concludes that the unfolded superscar wave in the semiclassical limit obeys the
Dirichlet boundary conditions on all sides of the rectangle indicated at Fig. 9 and has the
form
Ψm,n(z, x) =
2√
ab
sin
(pi
a
mz
)
sin
(pi
b
nz
)
Θ(z)Θ(b− z) (41)
where a, b are lengths of respectively the largest and the smallest cathetus (b = tan(pi/8)a).
Two Heaviside Θ-functions (Θ(x) = 1 if x > 0 and Θ(x) = 0 if x < 0) are introduced to
stress that this expression exists only inside the rectangle. The energy of such state is
Em,n = pi
2m2
a2
+
pi2 n2
b2
. (42)
The superscar wave is simple (cf. Eq. (41)) only after unfolding. When folding inside the
original triangle it takes the following form
Ψ(superscar)(z, x) = Ψm,n(z, x)−Ψm,n
(
z + x√
2
,
z − x√
2
)
+ Ψm,n
(
z − x√
2
,
z + x√
2
)
−Ψm,n(x, z)
(43)
where Ψm,n(z, x) is given by Eq. (41) (with Θ-functions included).
To examine the correspondence between (approximate) superscar waves and true quan-
tum eigenfunctions numerical calculations of high-excited states were performed. The area
of the billiard is normalised to 4pi in order that the mean distance between consecutive high-
energy levels equals 1. To find what numerically calculated (true) eigenfunctions resemble
to superscar waves the following procedure has been used. First, values of integers m and n
with n m were chosen and the superscar energy was calculated from Eq. (42). Then from
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a) b)
FIG. 9. (a) Unfolded pencil of the simplest periodic orbit. Vertical lines schematically indicate
propagating wavefronts. (b) The same but folded back into the original triangle.
numerically calculated eigenvalues the one closest to the superscar energy has been selected.
In all investigated cases the corresponding eigenfunction reveals clear picture very similar
to the folded superscar wave (43).
A few examples of such comparison are presented below. At Fig. 10 a) the folded su-
perscar wave (43) with m = 50 and n = 1 is plotted. Notice the characteristic picture of
propagating wave fronts. At Fig. 10 b) the exact eigenfunction with energy Eexact = 407.4
which differs from the superscar energy by 0.2 is shown. Though the energy is not too big
this eigenfunction resembles well the superscar wave. At Figs. 11 and 12 the exact eigen-
functions corresponding to superscar waves with (m,n) equal respectively (79, 1), (110, 1),
(148, 1), and (201, 1) are presented. These eigenfunctions clearly have the same structure
that superscar waves and the indicated exact energies agree well with superstar energies
calculated from Eq. (42).
Figs. 10-12 clearly validate the formation of superscar states around the simplest periodic
orbit pencil in the triangular billiard. But even that orbit requires 5 scatterings from the
boundary (cf. Fig. 2 b)) and folded superscar function is complicated (cf. Fig. 10 a)). Longer
periodic orbit pencils will necessarily be more elaborate and, consequently, the structure of
corresponding superscar functions would be less clear.
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a) b)
FIG. 10. (a) The folded superscar function given by Eq. (43) for m = 50 and n = 1 with energy
E50,1 = 407.6. (b) Numerically calculated eigenfunction with energy Eexact = 407.4.
a) b)
FIG. 11. (a) The same as at Fig. 10 b) but with energy Eexact = 1015.9. The corresponding
superscar energy E79,1 = 1016.12. (b) The same but with energy Eexact = 1968.97. The superscar
energy E110,1 = 1969.15.
To visualise better superscar structures, it is convenient to investigate the barrier billiard
as at Fig. 1 b) where short-period orbits are simpler (see below). In numerical calculations
only symmetric modes of this billiard were considered. Now the problem is reduced to
solving the Helmholtz equation (∆ + k2)Ψ(x, y) = 0 where Ψ(x, y) = 0 at all boundaries of
the desymmetrised rectangle indicated at Fig. 1 c) except the segment x = 0, b/2 < y < b
where ∂Ψ(x, y)/∂x = 0.
20
a) b)
FIG. 12. (a) The same as at Fig. 10 b) but with energy Eexact = 3563.91. The superscar energy
E148,1 = 3563.88. (b) The same but with energy Eexact = 6572.47. The superscar energy E201,1 =
6572.63.
In calculations the aspect ratio of the barrier billiard, b/a, is chosen equal to
√√
5 + 1 ≈
1.8 and the area of the billiard is normalised to 4pi. A bunch of high excited eigenfunc-
tions around the 10000th level for this billiard was obtained numerically and eigenfunctions
corresponding to a few superscar waves were selected as it has been discussed above. For
clarity at certain figures below nodal domains of these eigenfunctions were plotted. Black
(white) regions correspond to points where Ψ(y, x) > 0 and Ψ(y, x) < 0 respectively. At
other figures it was more convenient to show grey images of the eigenfunction modulus.
The structure of periodic orbit pencils in the barrier billiard is discussed in detail in
Appendix A. Any primitive periodic orbit in such billiard is characterised by 2 co-prime
integers na and nb which count the shifts by 2a and 2b in horizontal and vertical directions
respectively on the unfolded rectangular lattice. Below such orbit is denoted by (na − nb).
The length of such orbit is Lp =
√
(2ana)2 + (2bnb)2. In the barrier billiard periodic orbit
pencil with even na has the width w = 4ab/Lp and such pencil fills the whole rectangle.
For odd na there exit two different pencils of width w = 2ab/Lp. Both pencils may support
superscar waves but the one with odd longitudinal quantum number m and the other one
with even m. The difference is due to different phases of reflection on boundaries with the
Dirichlet boundary conditions.
One of the simplest periodic orbit of the barrier billiard corresponds to the horizontal
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a)
b)
FIG. 13. (a): Wavefronts of the horizontal bouncing ball (the (0− 1)orbit). (b) Nodal domains of
numerically calculated eigenfunction for the barrier billiard with Eexact = 10088.61. The superscar
energy calculated from Eq. 45 E(0−1)152,1 = 10088.56.
motion inside the rectangle (i.e. the (0− 1) periodic orbit). The superscar wave associated
with this motion should have the form (the axes are indicated at Fig. 1 c))
Ψ(superscar)(y, x) =
2√
ab
sin
(pi
b
my
)
sin
(pi
a
nx
)
. (44)
When n = 1 it has vertical wavefronts as at Fig. 13 a). For larger n the wavefronts have
same form but with additional n−1 equidistant horizontal lines where the function vanishes.
The energy of such horizontal bouncing ball is (1 ≤ n m)
E (0−1)m,n =
pi2m2
b2
+
pi2 n2
a2
. (45)
At Figs. 13 b), 14 a) and b) eigenfunctions related with such superscar waves with m = 152
and n = 1, 2 with m = 153 and n = 3 are shown. The superscar structures are clear visible
on these figures. The superscar energies (obtained from Eq. (45)) indicated in figure captions
are also very close to numerically calculated energies for that states.
Another simple periodic orbit of the barrier billiard is the (1 − 0) orbit i.e. the vertical
bouncing ball. There are two types of such orbits. The first is related with the motion
between two Dirichlet boundaries (0 < y < b/2) and the second is associated with the
motion between the Dirichlet and Neumann boundaries (b/2 < y < b), cf. Fig. 15.
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a) b)
FIG. 14. The same as at Fig. 13 b) but (a): Eexact = 10092.63. The superscar energy E(0−1)152,2 =
10092.80, (b): Eexact = 10232.53. The superscar energy E(0−1)153,3 = 10233.02.
a) b)
FIG. 15. Wavefronts of two types of vertical bouncing balls. (a) Motion between two Dirichlet
boundaries. (b) Motion between the Dirichlet and the Neumann boundaries.
The superscar waves propagating inside these two pencils are
Ψ
(superscar)
DD (y, x) =
2√
ab
sin
(pi
a
mx
)
sin
(
2pi
b
n y
)
Θ(b/2− y), (46)
Ψ
(superscar)
DN (y, x) =
2√
ab
cos
(pi
a
(m− 1
2
)x
)
sin
(
2pi
b
n y
)
Θ(y − b/2) (47)
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a) b)
FIG. 16. (a): Nodal domain of numerically calculated eigenfunction of the barrier billiard with
Eexact = 10209.55. The superscar energy EDD85,1 = 10209.65. (b) The grey image of the modulus of
an exact eigenfunction with Eexact = 10029.45. The superscar energy EDD84,6 = 10032.00.
and their energies are as follows (1 ≤ n m)
EDDm,n =
pi2m2
a2
+
4pi2 n2
b2
, (48)
EDNm,n =
pi2 (m− 1/2)2
a2
+
4pi2 n2
b2
. (49)
At Fig. 16 a) the nodal domain of a numerically calculated eigenfunction of the barrier
billiard with energy Eexact = 10209.55 is presented. Its structure consists of two different
parts. The one corresponds to regular waves propagating between the left part of the billiard
as it should be for the Dirichlet-Dirichlet vertical bouncing ball (cf. Fig. 15 a)) and (46)).
The second part is built from irregular waves with much smaller amplitudes. If superscar
picture would be exact, this part should be exactly zero but as superscar wave is only an
approximation such regions have to be constituted of small-amplitude waves with irregular
nodal domains. Such co-existence of two different parts of eigenfunctions is typical for
superscar waves propagating in pencils with odd na (see bellow). The calculated energy of
the corresponding superscar with m = 85 and n = 1 EDD85,1 = 10209.65 is very close to the
exact energy.
With the increasing of perpendicular momentum n superscar waves become less pro-
nounced as the parameter (38) which controls the validity of superscar approximation grows.
Nevertheless the vertical bouncing ball structure remains visible even for n = 6 and m = 84
as shown at Fig. 16 b). Notice that the second part of the this picture is not irregular as
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a) b)
FIG. 17. Nodal domains of numerically calculated eigenfunctions of the barrier billiard. (a) with
Eexact = 10089.70. The superscar energy EDN85,1 = 10089.91. (b) with Eexact = 10094.44. The
superscar energy EDN85,2 = 10095.15.
at Fig. 16 a) but contains a (deformed) wave corresponding to Dirichlet-Neumann vertical
bouncing ball structure. It can be explained by the fact that EDN84,10 = 10025.44 which is also
close to the exact energy of this state.
At Figs. 17 and 18 a few images of eigenfunctions with clear structure of the Dirichlet-
Neumann vertical bouncing balls are presented. The corresponding superscar waves corre-
spond to m = 85 and n = 1, 2, 3, 8 with energies (noted in figure captions) very close to the
exact energies.
The horizontal and vertical boning balls are the only periodic motions inside the barrier
billiard which do not require the folding of periodic orbits pencils. Other orbits are more
complicated and should be folded inside the billiard. The simplest of such orbits is the (1−1)
orbit indicated at Fig. 19 a) with length Lp =
√
(2a)2 + (2b)2. When folding back to original
barrier billiard this orbit gives rise to two periodic orbit pencils as shown at Fig. 19 b). In
the usual rectangular billiard these two pencils may be continuously transformed one into
another but in the barrier billiard they are restricted by singular vertices and constitute two
different pencils which should be treated separately. The superscar waves propagating in
the pencils have energies given by the expression
E (1−1)m,n =
pi2m2
L2p
+
pi2 n2
w2
, Lp =
√
(2a)2 + (2b)2, w =
2ab
Lp
. (50)
The existence of different pencils is manifest in different phase accumulated by a wave when
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a) b)
FIG. 18. (a) The as at Fig. 17 but with Eexact = 10102.03. The superscar energy EDN85,3 = 10103.88.
(b) Grey image of the modulus of the eigenfunction with Eexact = 10192.82. The superscar energy
EDN85,8 = 10199.93.
a)
odd   meven   m
b)
FIG. 19. (a) The (1 − 1) orbit unfolded. (b) Two possible pencils of the (1 − 1) orbit and
wavefronts of two corresponding superscar waves.
propagating inside the pencils. It is plain that even and odd m correspond to the pencils
indicated at Fig. 19 b). At Fig. 20 examples of superscar waves associated with the (1− 1)
orbit are presented. The first corresponds to m = 348 and n = 1 and the second to m = 347
and n = 1. The effect of switching from one pencil to another for even and odd m is clear
visible.
At Fig 22 the unfolded and folded (2 − 1) orbit is plotted. The pencil of this orbit has
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a) b)
FIG. 20. Nodal domains for numerically calculated eigenfunctions with (a) Eexact = 10099.58
and (b) Eexact = 10041.41 . The corresponding superscar energies are E(1−1)348,1 = 10099.82 and
E(1−1)347,1 = 10041.87.
a) b)
FIG. 21. Grey images of the modulus of numerically calculated eigenfunctions with (a) Eexact =
10104.26 and (b) Eexact = 10045.51. The corresponding superscar energies E(1−1)348,2 = 10105.37 and
E(1−1)347,2 = 10047.42.
length Lp =
√
(4a)2 + (2b)2 and width w = 4ab/Lp. When folded it cover the whole barrier
billiard surface. The superscar energies for such orbit are
E (2−1)m,n =
4pi2 (m− 1/2)2
L2p
+
pi2 n2
w2
, Lp =
√
(4a)2 + (2b)2, w =
4ab
Lp
. (51)
At Figs. 23 and 24 a) eigenfunctions corresponding to superscar waves with n = 1 and
m = 227, 228, 229 are represented. Notice exceptionally regular shape of nodal domains of
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a)
b)
FIG. 22. (a) Unfolding of the (2 − 1) orbit. (b) Folded (2 − 1) orbit and the wavefronts of the
corresponding superscar wave.
a) b)
FIG. 23. Nodal domains of numerically calculated eigenfunctions with (a) Eexact = 10017.57
and (b) Eexact = 10045.51. The corresponding superscar energies E(2−1)227,1 = 10017.67 and E(2−1)228,1 =
10106.31.
these high-excited eigenfunctions and excellent agreement of exact eigenvalues with superscar
energies (51).
The next example corresponds to the (3−1)-orbit, see Fig. (25). It this case there are two
symmetric channels with different parity of longitudinal quantum number m. The length of
each of such channels is Lp =
√
(6a)2 + (2b)2 and their width is w = 2ab/Lp. The superscar
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a) b)
FIG. 24. (a) Nodal domains of numerically calculated eigenfunctions with Eexact = 10195.30. (b)
Grey image of the modulus of eigenfunction with Eexact = 10201.28. The corresponding superscar
energies E(2−1)229,1 = 10195.35 and E(2−1)229,3 = 10201.67.
FIG. 25. One of periodic orbit pencils for the (3− 1) orbit corresponding to a superscar wave with
odd m and its wavefronts. The second pencil with even m occupies the complimentary part of the
billiard.
wave propagating in these channels have energy equal to
E (3−1)m,n =
pi2m2
L2p
+
pi2 n2
w2
, Lp =
√
(6a)2 + (2b)2, w =
2ab
Lp
. (52)
At Fig. 26 two examples of eigenfunctions corresponding to odd and even m are presented.
The structure of propagating superscar waves is clearly visible and the exact energies are
29
a) b)
FIG. 26. Nodal domains of numerically calculated eigenfunctions with (a) Eexact = 10018.13
and (b) Eexact = 10120.59. The corresponding superscar energies E(3−1)589,1 = 10019.80 and E(3−1)592,1 =
10122.07.
a)
b)
FIG. 27. (a) One of periodic orbit channels for the (3 − 2) orbit corresponding to a superscar
wave with even m and its wavefronts. (b) Grey image of the modulus of eigenfunction with
Eexact = 10152.12. The corresponding superscar energies E(3−2)794,1 = 10157.06.
very close to the superscar ones.
The last example is the (3 − 2) orbit as at Fig. 27 a) for which Lp =
√
(6a)2 + (4b)2
and w = 2ab/Lp. The corresponding eigenfunction with superscar structure is indicated at
Fig. 27 b).
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IV. QUANTITATIVE CHARACTERISTICS OF SUPERSCARS
Numerous pictures of superscar waves formation were presented in the previous Sec-
tion. But such pictures are useful only to illustrate a few superscar waves associated with
short-period orbit pencils. To get quantitative information about the whole structure of
eigenfunctions in plane polygonal billiards it is convenient to calculate numerically the over-
lap between an exact eigenfunction with energy Eλ and a superscar wave propagated in a
fixed periodic orbit pencil
Cm,n(Eλ) =
∫
Ψ(superscar)m,n (x, y)ΨEλ(x, y)dx dy . (53)
Here m and n are integers corresponding to longitudinal and transverse quantum numbers
of the superscar wave and the integration is performed over the whole billiard surface. The
both functions in this equation are assumed to be normalised so 0 ≤ |Cm,n(Eλ)| ≤ 1. When
the exact energy differs considerably from the superscar energy this overlap should be small.
It means that for fixed m only one peak appears when Eλ ≈ Em,n.
In calculations the transverse quantum number n (which exists only due to singular
diffraction) is kept fixed but longitudinal quantum number m (denoted below by m(E)) has
been adjusted for different energies E in such a way that energy difference |E − Em,n| is
minimal
m(E) =
[
Lp
pi
√
E − pi
2n2
w2
]
(54)
where [x] denotes the integer closest to x.
A technical difficulty in this approach is the calculation of the folded superscar wave,
Ψ
(superscar)
m,n (x, y). The superscar wave is simple when it is unfolded. Due to folding back of
periodic orbit pencils, superscar waves inside the original billiard become complicated. For
simple orbits the folded wave can be directly calculated as it has been done in Eq. (43).
In Appendix A it is shown how to calculate folded superscar function associated with an
arbitrary periodic orbit pencil.
The overlaps between all eigenstates in the interval 2000 < Eλ < 4000 and all superscar
waves propagating inside the (0−1) pencil (horizontal bouncing ball), the (1−0) pencil (left
vertical bouncing ball), and the (1− 1) pencil are presented at Figs. 28 a) –30 a). Each of
these figures shows the overlap for the four lowest transverse quantum numbers, n = 1− 4.
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Every time when the energy of true eigenstate is close to the superscar energy the cor-
responding eigenfunction has a considerable overlap with the superscar wave. As expected,
small n leads to higher values of the overlap. To analyse quantitatively the structure of over-
lap peaks it is instructive to calculate their local density for each fixed n defined as follows
(δE is the difference between the true energy Eλ and the best superscar energy Em(Eλ),n)
ρn(δE) =
〈∑
λ
|Cm,n(Eλ)|2δ(δE − Eλ + Em,n)
∣∣∣
m=m(Eλ)
〉
(55)
where the averaging is taken over all peaks in a given energy interval [E − e, E + e] where
e  E. For n = 1, 2, 3, 4 this local density is plotted at Figs. 28 b) –30 b). As has been
discussed above superscar waves can be considered as long-lived states which interact weekly
due to residual interactions governed by parameter (38). From general considerations [30]-
[34], it is expected that in such situation the local density should be well approximated by
the Breit-Wigner distribution
ρn(δE) ≈ Γn(E)
2pi[(δE − n(E))2 + Γ2n(E)/4]
(56)
where n(E) and Γn(E) are certain parameters (depending on the energy interval) which,
in principle, could be calculated from perturbation series. In Figs. 28 b)–30 b) it is demon-
strated that such fits indeed approximate well the local densities for all considered cases.
In the previous Section it was argued that the width Γn(E) asymptotically should have the
form indicated in Eq. (33)
Γ(E) = C
pin2
w2
√
d
kw2
, C = −2ζ(1/2)√
pi
≈ 1.65 . (57)
Here w is the width of a periodic orbit pencil and d is the distance between singular vertices
along the pencil boundary.
Numerical fits confirm this estimation. For example, for the (1 − 1) orbit the data on
Fig. 30 b) are fitted well by expression Γn(E) ≈ 3.5n2/
√
k. When calculating analytically
from Eq. (57) one gets Γn(E) = 3.52n
2/
√
k.
Another method to obtain quantitative measure of the superscar phenomenon in plane
polygonal billiards consists in the Fourier-type expansion of eigenfunctions. For the full
barrier billiard as at Fig. 1 b) with the Dirichlet boundary conditions along the rectangle
(2a, b) it is natural to represent eigenfunctions in the following basis
Ψ(x, y) =
∞∑
k,p=1
Fp k sin
(pip(x+ a)
2a
)
sin
(piky
b
)
. (58)
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FIG. 28. (a) Overlap (53) for the superscar wave associated with the horizontal bouncing ball
indicated at Fig. 13 a) for different transverse quantum numbers: n = 1, 2, 3, 4. For clarity 4 plots
were shifted vertically by 1. The lowest graph corresponds to n = 1, the second to n = 2 etc. (b)
Local density given by Eq. (55) calculated for the data of (a) for the same values of n. Different
curves are shifted vertically by 5 units. The abscissa axis is the shift of energy with respect to the
difference Eλ − Em(E),n. The dashed lines are the Breit-Wigner fits (56) to the local densities.
For desymmetrised barrier billiard as at Fig. 1 c) no preferential system of expansion exists.
Expansion (58) inside the desymmetrised barrier billiard gives rise to two different series
depended on the parity of k. For odd p = 2q−1 function Ψ(x, y) is even, Ψ(−x, y) = Ψ(x, y)
Ψeven(x, y) =
∞∑
q,k=1
fq k cos
(pi(q − 1/2)x
a
)
sin
(piky
b
)
(59)
and for even p = 2q function Ψ(x, y) is odd, Ψ(−x, y) = −Ψ(x, y)
Ψodd(x, y) =
∞∑
q,k=1
gq k sin
(piqx
a
)
sin
(piky
b
)
. (60)
Formally the both series can be used on equal footing as inside the desymmetrised barrier
billiard these two expansions are equivalent because
sin
pi
a
mx =
∞∑
n=1
Amn cos
pi
a
(n− 1
2
)x (61)
where matrix Amn is an orthogonal matrix
Amn =
1
pi
(
1
m+ n− 1/2 +
1
m− n+ 1/2
)
. (62)
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FIG. 29. The same as at Fig. 28 but for left vertical bouncing ball indicated at Fig. 15 b).
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FIG. 30. The same as at Fig. 28 but for the (1− 1) periodic orbit indicated at Fig. 19 a).
This possibility of re-expansion constitutes is a kind of the Gibbs phenomenon as series (61)
is only conditionally converges.
The existence of superscars manifests itself in the appearance of large coefficients in
such Fourier-type expansions (see Appendix A). A few examples of these expansions for the
barrier billiard are presented at Figs. 31 and 32. Energy conservation forces coefficients to
be close to a quarter to an ellipse curve in these figures. Noticeable exception is seen at
Fig. 31 b) where certain coefficients deviate considerably from the constant energy curve. It
34
0 20 40 60 80 100 120 140 160 0
10
20
30
40
50
60
70
80
90
a)
0 20 40 60 80 100 120 140 160 0
10
20
30
40
50
60
70
80
90
b)
FIG. 31. Modulus of Fourier expansion coefficients for even series (59) for two eigenfunctions
as at Fig. 20 corresponded to the (1 − 1) orbit with energies: (a) Eexact = 10041.41 and (b)
Eexact = 10099.58.
is plain that it corresponds to the above mentioned Gibbs phenomenon. If this eigenfunction
is expanded into odd series (60) such large deviations would disappear (cf. Appendix A).
But for orbits with even M like the (2−1) orbit indicated at Fig. 22 a) expansion coefficients
always have such Gibbs tail which could not be removed by simple change of the basis (cf.
Fig. (32) a)).
It is clear that well isolated superscar states associated with short-period orbits are rare.
Typical eigenfunctions may contain a certain number of large coefficients corresponded to a
kind of superposition of many different superscar waves (see Fig. 32 b)).
V. FRACTAL DIMENSIONS
Everything discussed in the previous Sections about a superscar wave propagating inside
a periodic orbit pencil could be applied to an arbitrary polygonal billiards where there exists
at least one periodic orbit family. Unfortunately periodic orbits in generic polygonal billiards
is an elusive subject and even the existence of one periodic orbit is not guaranteed. Only
for a special sub-class of rational polygonal billiards called Veech polygons [28] where there
exits a hidden group structure one can control all classical periodic orbits.
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FIG. 32. Modulus of Fourier expansion coefficients for even series (59): (a) for eigenfunction
indicated at Fig. 23 a) corresponded to the (2 − 1) orbit with Eexact = 10017.57 and (b) for an
arbitrary chosen state with Eexact = 10013.57.
The knowledge of periodic orbits in such models permits to calculate analytically an
important characteristic of their spectral statistics, namely the spectral compressibility, χ,
[15], [17] which determines the linear growth of the number variance with the length of the
interval
Σ2(L) ≡ 〈(n(L)− n¯(L))2〉 = χL. (63)
Here n(L) is the number of energy levels in an interval L, n¯(L) is the mean number of levels
in this interval normalised to unit density, n¯(L) = L, and the average is taken over different
intervals of length L in a small energy window. For the Poisson distribution typical for
spectral statistics of integrable systems χ = 1 and for standard random matrix ensembles
which describe spectral statistics of chaotic systems χ = 0. The right triangular billiard
with pi/8 angle has χ = 5
9
[15] and the barrier billiard considered in the paper has χ = 1
2
[17].
Spectral statistics of models with non-trivial compressibility, 0 < χ < 1, are called inter-
mediate statistics. Many pseudo-integrable billiards belongs to this class [3], [9]–[17]. The
characteristic features of intermediate statistics are (i) level repulsion on small distances as
for usual random matrix ensembles, (ii) exponential decrease of the nearest-neighbour dis-
tribution on large distances similar to the Poisson distribution. These properties have been
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observed in numerical calculations but have not been fully proved mathematically. Numer-
ics (and certain analytical arguments [29]) also suggest that for models with intermediate
spectral statistics eigenfunctions are fractal (in general, even multifractal).
The notion of multifractality (see e.g. [35], [36] and references therein) is related with
a natural question about the number of important components in eigenfunctions. Let an
eigenfunction with eigenvalue E be written as an expansion in a certain basis
ΨE(x, y) =
N∑
ν=1
Aν(E)φν(x, y), Aν =
∫
Ψ(x, y)φν(x, y)dxdy,
N∑
ν=1
A2ν = 1.
(64)
Here N is the total number of components.
The central question in the multifractal formalism is the scaling of the moments of ex-
pansion coefficients with N . Let define the moments with arbitrary q as follows
Mq(E) =
N∑
ν=1
|Aν(E)|2q. (65)
The inverse of these moments, Rq = M
−1
q , is called the participation ratios.
Multifractality means that moments of eigenfunctions (or their inverse) scale as a certain
power of total number of wave function components
Mq −→N→∞ N
−τ(q), τ(q) = (q − 1)Dq (66)
where Dq are called generalised fractal dimensions.
If only a finite number of components gives contribution to an eigenfunction (64) (e. g.
for localised states) then Dq = 0. In the opposite case of completely extended states when
all components are of the same order then from normalisation Aν ∼ N−1/2 and consequently
Dq = 1.
In Ref. [37] the multifractality was observed in the 3-dimensional Anderson model at the
metal-insulator transition and later it has been investigated in different matrix models [36].
For billiards the sum in (64) includes formally an infinite number of summands. For
2-dimensional billiards a natural basis consists of elementary trigonometric functions with
fixed momentum. Physically it is clear that in the semiclassical limit k → ∞ the number
of important (large) components should be of the order of the number of possible quantum
cells on the constant momentum surface. For 2-dimensional billiards this surface is a circle
of radius k and therefore N ∼ k (as we are interested only in powers of N precise pre-factor
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is irrelevant). Consequently, for billiards fractal dimensions determine the behaviour of the
moments as function of the momentum
Mq(E) =
∞∑
ν=1
|Aν(E)|2q −→
k→∞
k−τ(q), k =
√
E. (67)
For systems with non-trivial spectral compressibility, 0 < χ < 1, numerical and partly ana-
lytical calculations [29] suggest that fractal dimensions should be also non-trivial, 0 < Dq <
1. To check these predictions numerical calculations of fractal dimensions were performed
for high-excited states in the barrier billiard. Each eigenfunction has been expanded into
series (59)
ΨE(x, y) =
∞∑
q,k=1
fq,k(E) cos
(pi(q − 1/2)x
a
)
sin
(piky
b
)
(68)
and expansion coefficients Aν(E) ≡ fq,k(E) were computed.
At Fig. 33 left) the participation ratio R2 for 3 energy intervals close to the 1000
th,
the 4000th, and the 10000th levels for the barrier billiard are presented. For comparison
at this figure the same quantity but for the quarter of the (chaotic) stadium billiard with
the same aspect ratio are shown for comparison. The area of the both billiards is 4pi and
the energies approximately equal the level numbers. At Fig. 34 a) these data were used to
calculate average values of the participation ratios for the barrier billiard and the stadium
billiard. As expected, for the chaotic stadium billiard participation ratio scales linear with
the momentum. The best fit gives R2(E) = 0.75k. But for the barrier billiard the best
fit suggests that R2(E) = 2.55
√
k which means that fractal dimension D2 is non-trivial,
D2 = 0.5. At Fig. 34 the participation ratios R2(E) and R3(E) for all states till E = 5000
are plotted for the barrier billiard. The best fits (indicated by white lines at this figure) give
R2(E) ≈ 2.52
√
k and R3(E) ≈ 4.7k. Therefore, these results suggest that D2 ≈ D3 ≈ 0.5.
Of course, much more calculations should be done to establish correct values of fractal
dimensions for pseudo-integrable billiards. It has been briefly mentioned in Ref. [1] that such
fractal dimensions could be obtained analytically in an oversimplified model of the barrier
billiard eigenfunctions based on the assumption that mean variance of expansion coefficients
has the Breit-Wigner form similar as for the overlap coefficients (56). In a sense, the model
is resemble the Rosenzweig-Porter model [38], [39] which has been investigated later. The
detailed discussion of that model is beyond the scope of this paper and will be performed
somewhere.
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FIG. 33. Participation ratio R2(E) ≡ M−12 in different energy intervals for barrier billiard (left)
and the stadium billiard (right).
VI. SUMMARY
Wave functions are on the very basis of quantum mechanical calculations and the investi-
gation of their properties are important for many applications. For generic classically chaotic
systems Berry’s conjecture [40], [41] stipules that in the semiclassical limit typical quantum
eigenfunctions are random superpositions of elementary functions with fixed momentum
whose coefficients are independent Gaussians with zero mean and variance determined from
the normalisation. Nevertheless, it does not signify that all chaotic eigenfunctions are com-
pletely structureless (cf. [42]). It is well known that eigenfunctions in certain models may
have structures (called scars) in a vicinity of unstable periodic orbits [24]-[26]. Contributions
39
0 50 100
k
0
20
40
60
80
100
P R
( k )
Stadium
Barrier
a)
0 5000E
0
2000
R 3
0
60
R 2
b)
FIG. 34. (a) Scaling with momentum of participation ratio R2 for the barrier billiard (square) and
the stadium billiard (circle). Solid lines indicate the fits to the data. Stadium fit: R2(k) ≈ 0.75k+1.
Barrier billiard fit: R2(k) ≈ 2.55
√
k. (b) Participation ratios R2 (top) and R3 (bottom) versus
energy for the barrier billiard. White lines indicate the fits R2 ≈ 2.52
√
k and R3 ≈ 4.7k.
of individual unstable periodic orbits decrease with increasing of energy and a general belief
is that scar phenomenon in chaotic systems will be strongly suppressed (or even disappear)
in the semiclassical limit though a certain increase of amplitudes could still be detected [27].
The main message of this paper is that eigenfunctions of plane polygonal billiards have
clear structures associated with periodic orbit families. The mechanism of formation of such
structures is not periodic orbits themselves but singular scattering on billiards corners whose
angles 6= pi/n with integer n. Classical ray scattering on such scatters are discontinuous but
quantum mechanics substitutes singularities by smooth strong filed regions (called optical
boundaries). When optical boundaries of many scatters overlap the result in the semiclassical
limit corresponds to vanishing of eigenfunctions along straight lines formed by singular
scatters. As periodic orbits in polygonal billiards form parallel families (pencils) restricted by
singular scatters such pencils can support propagating waves reflected from pencil boundaries
passing through singular vertices as from mirrors. The validity of such specular reflection
from fictitious mirrors becomes exact in strict semiclassical limit k → ∞ which explains
the existence of such structures at very high energies contrary to scars in chaotic systems.
To stress this fact we propose to call them ’superscars’. Many pictures of superscars in
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simple billiards are presented in the main part of the paper. For the barrier billiard certain
superscar waves were observed in microwave experiments [43].
In principle, superscar waves may exist in any polygonal billiards. But there is no theo-
rem that guarantees the existence of even one classical periodic orbit for generic polygonal
billiards. Consequently the superscar construction could be applied for polygonal billiards
with at least one periodic orbit family. To construct a superscar wave associated with a pe-
riodic orbit pencil it is necessary to know the periodic orbit length, Lp and the width of the
pencil, w, restricted by singular billiard corners. The unfolded superscar wave has the form
of the plane wave propagating inside the pencil as in Eq. (A9) and its energy is the same
as for a wave propagating inside rectangular slab with the Dirichlet boundary conditions:
Em,n = pi2m2/L2p + pi2n2/w2. The parity of longitudinal quantum number m is determined
by the total phase accumulated by the periodic orbit. The transverse quantum number
n can be arbitrary but n  m. The simplest verification of this construction consists in
computing a few states with energies in a vicinity of the superscar energy with different m
and a fixed n. Numerical calculations performed in the paper show that in a small vicinity
of superscar energies there always exist true eigenstates which have clear structure related
with the folded superscar wave. To get quantitative view of such phenomenon it is useful
to calculate numerically the overlap between true eigenfunctions and the folded superscar
wave. At least for the barrier billiard such overlap has the expected Breit-Wigner form (56)
whose parameters agree with analytical estimates.
Further progress depends on possibility to control periodic orbits in polygonal billiards
which is a complicated problem. Only for a special sub-class of polygonal billiards called
Veech polygons [28], [15] one can find analytically all periodic orbits and their parameters.
Right triangular billiard with one angle pi/n and the barrier billiard considered in the paper
belong to this class. For Veech polygons one can argue that eigenfunctions in the momentum
representation are fractal with non-trivial fractal dimensions which is confirmed by numerical
calculations for the barrier billiard.
The investigations presented in the paper clearly demonstrate that eigenfunctions of
polygonal billiards and especially of pseudo-integrable ones have interesting and unusual
properties different from the both integrable and chaotic systems. In the absence of mathe-
matical theorems more detailed examinations of such phenomena are highly desirable.
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Appendix A: Expansion of a superscar wave into Fourier-type series
The purpose of this Appendix is to calculate analytically folded superscar waves associ-
ated with a given periodic orbit pencil in the barrier billiard. For simple periodic orbits the
folding can be done by inspection as in (43). For more complicated orbits it is convenient
to find the expansion of superscar waves in Fourier-type series (58), (59), (60).
An unfolded periodic orbit in a 2 dimensional rectangle with sides a and b can be repre-
sented by a line which connects the origin (the point with coordinates (0, 0)) with a point
with coordinates 2Ma and 2Nb (cf. Fig. 1 c)). Its length is
Lp =
√
(2Ma)2 + (2Nb)2. (A1)
Primitive periodic orbit corresponds to co-prime integers, (M,N) = 1. Periodic orbits in
the rectangular billiard form families whose total width is 2w where
w =
2ab
Lp
. (A2)
Introduce a new coordinate system (ξ, η) with coordinate ξ along the orbit and η perpen-
dicular to it
ξ = x cos θ + y sin θ, η = −x sin θ + y cos θ, cos θ = 2Ma
Lp
, sin θ =
2Nb
Lp
(A3)
and Lp is the periodic orbit length (A1).
Periodic orbit pencils are determined by periodic orbits shifted parallel to one of them
till touching singular points whose coordinates are
xs = 2aα ys = b/2 + bβ, α, β ∈ Z. (A4)
Values of η when periodic orbit channel hits such points follow from Eq. (A3)
ηs = w(−2αN + βM + 1
2
M). (A5)
When M is odd, ηs = w(r +
1
2
) with integer r. Therefore minimal distance of the chosen
periodic orbit passing through the origin from singular points is ±w/2 which corresponds
to periodic orbit pencil width equals w (A2). For even M = 2M ′, ηs = wr with integer
r = −2αN + (2β + 1)M ′. If M ′ is odd, r 6= 0 as (N,M ′) = 1 and minimal ηs = ±w which
leads to the pencil width equals 2w. If M ′ is even, periodic orbit passing through the origin
hits singular points but r is even. Therefore in this case the pencil width is also 2w.
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To construct superscar waves it is necessary to know the total phase accumulated by
periodic orbits inside a given periodic orbit pencil. Let us calculate this phase for the
periodic orbit passing through the origin. Its equation is
y =
Nb
Ma
x. (A6)
The Neumann part of the boundary after unfolding will be situated at xj = 2aj, j = 0..M−1
and will occupy the segments
Ij = [b/2 + 2rb, 3b/2 + 2rb], r = 0..N − 1. (A7)
The number of crossing of these boundaries is
N (M) =
M−1∑
j=0
Θ
({N
M
j
}
− 1
4
)
Θ
(
3
4
−
{N
M
j
})
(A8)
where {x} denoted the fractional part of x and Θ(x) is the Heaviside function. As N,M
are co-prime integers the series {N
M
j} can be substituted by { 1
M
j} and simple algebra shows
that N is even for odd M and N is odd for even M (when M ≡ 0 mod 4 it is necessary to
shift the intervals (A7) by a small amount).
As the total number of reflections from the boundaries is even (2M + 2N) the pencil
which includes the orbit passing through the origin for odd M has even phase but for even
M the total accumulated phase is always odd.
Each periodic orbit pencil fixed by 2 integers, M and N can support superscar waves
propagating inside the pencil. In the direction along the orbit such wave is simply a plane
wave and in perpendicular direction it has to vanish at (effective) boundaries of periodic
orbit pencil.
Ψ(superscar)mn (ξ, η) = e
ipimξ/Lpϕn(η) (A9)
Different cases differ by function ϕn(η). Combining the above expressions one gets the
following formulae.
• For pencils with odd M and even longitudinal quantum number m
ϕn(η) =
 sin
(
pin
w
(η + w
2
)
)
, −w
2
< η < w
2
0, w
2
< η < 3w
2
. (A10)
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• For odd M and odd m
ϕn(η) =
 0, −w2 < η < w2sin (pin
w
(η + 3w
2
)
)
w
2
< η < 3w
2
. (A11)
• For even M m is always odd and for M 6≡ 0 mod 4,
ϕn(η) = sin
(pin
2w
(η + w)
)
, −w < η < w. (A12)
• For M ≡ 0 mod 4
ϕn(η) = sin
(pin
2w
η
)
, 0 < η < 2w. (A13)
The superscar energy is
Emn = pi
2
L2p
m2 +
 pi
2
w2
n2, odd M
pi2
4w2
n2, even M
. (A14)
Expression (A9) with (A10)-(A13) determines the unfolded superscar waves. To find folded
back waves it is convenient to calculate the corresponding series (58). To do it one has to
find the overlap of sin
(
pip(x+a)
2a
)
sin
(
piky
b
)
with the folded wave. As unfolding of product of
trigonometric functions is obvious such overlap can be calculated as follows
Fp k =
2
ab
∫
POP
sin
(pip(x(ξ, η) + a)
2a
)
sin
(piky(ξ, η)
b
)
Ψ(superscar)mn (ξ, η) dξ dη (A15)
where the integration is performed over the given periodic orbit pencil.
One has
sin
(pip(x+ a)
2a
)
sin
(piky
b
)
= −1
4
∑
p=±|p|, k=±|k|
kpe
ipi(px/2a+ky/b) (A16)
where kp = sgn(k) sgn(p)e
ipip/2.
From Eq. (A3) it follows that
px
2a
+
ky
b
= ξ
m
Lp
+
η
abLp
(−pNb2 + 2kMa2), m = kM + 2pN. (A17)
Further transformations depend on parity of M . For odd M , the integers M and 2N by
construction have no common divisors, (M, 2N) = 1. According to well known theorem in
this case there exist two integers µ and ν such that
Mν − 2Nµ = 1. (A18)
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Using this relation one can introduce instead of two integers k and p another two integers
m and q such that
k = qM −mµ, p = −2qN +mν (A19)
whose inverse are m = 2kN + pM , q = kν + pµ.
Then
1
abLp
(−pNb2 + 2kMa2) = 1
w
(q −mQ), Q = νb
2N + 2µMa2
2M2a2 + 2N2b2)
, w =
2ab
Lp
. (A20)
Notice that
m2
L2p
+
(q −mQ)2
w2
=
k2
(2a)2
+
p2
b2
(A21)
as it should be.
The integration over ξ is simple. If m and m1 are of the same parity then∫ Lp
0
ei(m−m1)ξ/Lpdξ = Lpδmm1 (A22)
Therefore the first term in Eq. (A17) for odd M can be identify with the first factor in
Eqs. (A9) which means that m is fixed by the longitudinal quantum number of the superscar
wave.
The necessary series is reduced to the expansion
ϕn(η) =
∑
q
Cq me
ipiη
w
(q−mQ), Cq m =
1
2w
∫ 3w/2
−w/2
ϕn(η)e
−ipiη
w
(q−mQ). (A23)
Explicit formulae for odd M , Eqs. (A10), (A11), are cumbersome but easy to get. It is
plain that the denominators of these expressions are proportional to n2/w2− (q−mQ)2/w2.
From (A21) it follows that this difference equals Ekp − Emn where Emn is the superscar
energy (A14). Therefore the largest expansion coefficient corresponds to the minimum of
this difference. Notice that from 4 terms in (A16) only one corresponding to (A19) gives
nonzero contributions. Other 3 terms will give values of m1 = ±2kN ± pM which are of the
same parity as m = 2kN + pM (when N,M 6= 0) and they vanish after integration over ξ
in (A22). It means that Fp,k ∼ Cq m when k = qM −mµ and p = −2qN +mν.
For even M , M = 2M ′ the argumentation is similar. In this case N should be odd and
(M ′, N) = 1. Therefore there exist two integers ν ′ and µ′ such that
M ′ν ′ −Nµ′ = 1. (A24)
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Instead of (A19) one gets
k = qM ′ −m′µ′, p = −qN +m′ν ′ (A25)
and
px
2a
+
ky
b
= ξ
2m′
Lp
+
η
w
(q −m′Q′), Q′ = 2Ma
2µ′ +Nb2ν ′
2M2a2 + 2N2b2
. (A26)
But for even M the superscar wave should have the factor epim/Lp with odd m but all terms
in the expansion (58) have even m (cf. (A26)). It is clear that this is the manifestation of
the fact that periodic orbits with even M for desymmetrised barrier billiard are a half of
periodic orbits for the full barrier billiard. As above the solution is to use an analog of the
Gibbs phenomenon because
Bmm′ =
∫ Lp
0
eipi(2m−1−2m
′)ξ/Lp =
Lp
pi(m′ + 1/2−m) . (A27)
Therefore the necessary expansion takes the form
eipi(2m−1)ξ/Lpϕn(η) =
∑
m′,q
Bmm′e
ipim′ξ/LpCq m′e
ipiη
w
(q−m′Q′). (A28)
Functions ϕn(η) for even M are given by Eqs. (A12) and (A13). As the result includes the
summation over all m′ the 4 terms in (A16) give the same contribution and for even M
Fp k ∼ Bmm′Cq m′ when k = qM ′ −m′µ′ and p = −qN +m′ν ′.
[1] E.Bogomolny and C. Schmit, Structure of wave functions of pseudo-integrable billiards, Phys.
Rev. Lett. 92, 244102 (2004).
[2] E. Gutkin, Billiards in polygons, Physica D 19, 311 (1986); E. Gutkin, Billiards in polygons:
survey of recent results, J. Stat. Phys. 83, 7 (1996).
[3] P. J. Richens and M.V. Berry, Pseudointegrable systems in classical and quantum mechanics,
Physica D 2, 495 (1981).
[4] B. J. Mc Cartin, On polygonal domains with trigonometric eigenfunctions of the Laplacian
under Dirichlet or Neumann boundary conditions, Appl. Math. Scien., 2, 2891 (2008).
[5] M.V. Berry and M. Tabor, Level clustering in the regular spectrum, Proc. R. Soc. A 356, 375
(1977).
46
[6] O. Bohigas, M.-J. Giannoni, and C. Schmit, Characterization of chaotic quantum spectra and
universality of level fluctuation laws, Phys. Rev. Lett. 52, 1 (1984).
[7] M. L. Mehta, Random Matrices, 3-d edit, (Academic Press, 2004).
[8] O. Bohigas, Random matrix theory and chaotic dynamics, in Les Houches Session LII, Chaos
et Physique Quantique, North Holland (1989).
[9] T. Cheon and T. D. Cohen, Quantum level statistics of pseudointegrable billiards, Phys. Rev.
Lett. 62. 2769 (1989).
[10] K. Zyczkowski, Classical and quantum billiards, integrable, nonintegrable, and pseudo-
integrable, Acta Phys. Polonica 23, 245 (1992).
[11] A. Shudo and Y. Shimizu, Extensive numerical study of spectral statistics for rational and
irrational polygonal billiards, Phys. Rev. E 47, 54 (1993).
[12] A. Shudo, Y. Shimizu, P. Seba, J. Stein, HJ Sto¨ckmann, and K. Zyczkowski, Statistical prop-
erties of spectra of pseudointegrable systems, Phys. Rev. E 49, 3748 (1994).
[13] E. B. Bogomolny, U. Gerland, and C. Schmit, Models of intermediate spectral statistics, Phys.
Rev. E 59, R1315 (1999).
[14] T. Gorin, Generic spectral properties of right triangle billiards, J. Phys. A: Math. Gen. 34,
8281 (2001).
[15] E. Bogomolny, O. Giraud, and C. Schmit, Periodic orbits contribution to the 2-point correlation
form factor for pseudo-integrable systems, Commun. Math. Phys. 222, 327 (2001).
[16] E. Bogomolny, U. Gerland, and C. Schmit, Short-range plasma model for intermediate spectral
statistics, Eur. Phys. J. B 19, 121 (2001).
[17] J. Wiersig, Spectral properties of quantized barrier billiards, Phys. Rev. E 65, 046217 (2002).
[18] T. Gorin and J. Wiersig, Low-rank perturbations and the spectral statistics of pseudointegrable
billiards, Phys. Rev. E 68, 065205 (R) (2003).
[19] A. Sommerfeld, Optics (New York, Academic, 1954).
[20] B. Budaev, Diffraction by wedges, Pitman research notes in math. series 322, Longman Sci-
entific& Tecnhical, 1995.
[21] E. Bogomolny, N. Pavlof, and C. Schmit, Diffractive corrections in the trace formula for
polygonal billiards, Phys. Rev. E 61, 3689 (2000).
[22] J.F. Carlson and A.E. Heins, The reflection of an electromagnetic plane wave by an infinite
set of plates, I, Quarterly Applied Math. 4, 313 (1947). A.E. Heins and J.F. Carlson, The
47
reflection of an electromagnetic plane wave by an infinite set of plates, II, Quarterly Applied
Math. 5, 82 (1947).
[23] E. Bogomolny and C. Schmit, Asymptotic behaviour of multiple scattering on an infinite
number of parallel half-planes, Nonlinearity 16, 2035 (2003).
[24] E.J. Heller, Bound-State Eigenfunctions of Classically Chaotic Hamiltonian Systems: Scars
of Periodic Orbits, Phys. Rev. Lett. 53, 1515 (1984).
[25] E.B. Bogomolny, Smoothed wave functions of chaotic quantum systems, Physica D 31, 169
(1988).
[26] M.V. Berry, Quantum scars of classical closed orbits in phase space, Proc. R. Soc. A 423 219
(1989).
[27] L. Kaplan and E.J. Heller, Linear and nonlinear theory of eigenfunction scars, Annals of
Physics, 264, 171 (1998).
[28] W.A. Veech, Teichmu¨ller curves in moduli space, Eisenstein series and an application to
triangular billiards, Invent. Math. 97, 533 (1989).
[29] E. Bogomolny and O. Giraud, Eigenfunction entropy and spectral compressibility for critical
random matrix ensembles, Phys. Rev. Lett. 106, 044101 (2011).
[30] E. Wigner, Characteristic vectors of bordered matrices with Infinite dimensions I, Ann. Math.
61, 548 (1955); ibid II, Ann. Math. 65, 203 (1957).
[31] J. M. Deutsch, Quantum statistical mechanics in a closed system, Phys. Rev. A 43, 2046
(1991). Supplementary material, https://deutsch.physics.ucsc.edu/pdf/quantumstat.pdf.
[32] V. V. Flambaum, A. A. Gribakina, G. F. Gribakin, and M. G. Kozlov, Structure of compound
states in the chaotic spectrum of the Ce atom: Localization properties, matrix elements, and
enhancement of weak perturbations, Phys. Rev. A 50, 267 (1994).
[33] V. V. Flambaum and F. M. Izrailev, Statistical theory of finite Fermi systems based on the
structure of chaotic eigenstates, Phys. Rev. E 56, 5144 (1997).
[34] Ph. Jacquod and D.L. Shepelyansky, Hidden Breit-Wigner distribution and other properties
of random matrices with preferential basis, Phys. Rev. Lett. 75 3501 (1995).
[35] F. Evers and A.D. Mirlin, Fluctuations of the inverse participation ratio at the Anderson
transition, Phys. Rev. Lett. 84 3690 (2000).
[36] F. Evers and A.D. Mirlin, Anderson transitions, Rev. Mod. Phys. 80, 1355 (2008).
[37] B. I. Shklovskii, B. Shapiro, B. R. Sears, P. Lambrianides, and H. B. Shore, Statistics of spectra
48
of disordered systems near the metal-insulator transition, Phys. Rev. B 47, 11487 (1993).
[38] V. E. Kravtsov, I. M. Khaymovich, E. Cuevas, and M. Amini, A random matrix model with
localization and ergodic transitions, New Journal of Physics 17, 122002 (2015).
[39] E. Bogomolny and M. Sieber, Eigenfunction distribution for the Rosenzweig-Porter model,
Phys. Rev. E 98, 0321139 (2018).
[40] M.V. Berry, Regular and irregular semiclassical wave functions, J. Phys. A: Math. Gen. 10,
2083 (1977).
[41] M.V. Berry, Semiclassical Mechanics of regular and irregular motion, Les Houches Lecture,
Session XXXVI, eds. G Iooss, R H G Helleman and R Stora, North Holland, Amsterdam, 171
(1983).
[42] A.I. Shnirelman, Statistical properties of eigenfunctions, Usp. Math. Nauk. 29 (1974) 181.
[43] E. Bogomolny, B. Dietz, T. Friedrich, M. Miski-Oglu, A. Richter, F. Scha¨fer, and C. Schmit,
First experimental observation of superscar in a pseudointegrable barrier billiard, Phys. Rev.
Lett. 97, 254102 (2006).
49
